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Abstract

We are investigating the weight of water needed to overcome frictional forces to power a funicular

railway. We find that the amount of water required depends on the angle of the slope, and that

angles below ~ 28° are forbidden, and only above ~ 35° do they become physically viable.

Introduction

A funicular railway is an efficient way to trans-
port people up and down steep slopes. There
are two trains running simultaneously, one go-
ing up and one going down, connected by cables,
which run through pulleys at each end. In this
way, they utilise the weight of the train moving
down, to pull the other one up. You just need to
overcome the friction in the system. This is usu-
ally provided by a motor but could alternatively
come from adding water to the upper train, so
it feels a greater force pulling it down than the
lower train [1]. In this paper we will investigate
the amount of water you would need to add to
the upper train so that the funicular will work.

Theory

Figure:1 shows the force diagrams for the sys-
tem. We define the mass as m and label each
train 1 and 2 as shown. g is acceleration due
to gravity and 6 is the angle of the slope with
respect to the horizontal (0 < 6 < 90). We
also use the fact that static friction is the nor-
mal force multiplied by the coefficient of static
friction (us) [2]. We use static friction here as
the system is not yet moving. Rolling friction
is always less so once it’s moving, the friction it

Figure 1: Force diagrams for our system. Left: side
view with forces on each train due to itself. Right: top
view with cable (blue) - the bottom cable (dotted) is just
for support in the system. The tension in the cable &
forces Eq.(1) and (2) are shown.

experiences will always be less than what it has
already overcome. We also neglect friction in the
pulleys, air resistance and assume the cable mass
is negligible.

Fy = magsin — pgmagcost

(1)
(2)
In order to move, the tension 7" pulling 1 up
must be greater than the force pulling it down
Fy. We construct Eq.(3) describing the forces on
each train, and add them. This is fine, as if you
straightened the cable (so a is in the same direc-
tion), that force diagram would be equivalent.

Fiy =mqygsind + psmigcosd



(3)
(4)

Since the train is just about to move, a = 0. We
move Fj to the other side and write it all out:

mla:T—Fl, mQCL:FQ—T

(m1 +ma)a=Fy, — F}

magsin @ — pgmog cos @ = mygsin 0+ pgmq g cos 6

(5)
We can take a factor of the mass out on each
side, see that g cancels, and rearrange to:

mg  sinf + pgcosd

(6)

m1  sinf — pgcos

If we assume each train has the same mass and
passenger count (combined is “carriage mass”),
we can find the mass of water required (m,,) on
the second train, in units of carriage mass.

ma

my + My My sin6 + pg cos

my  sinf — s cos 0 B
(7)

mi mi
Results & Discussion

Now we use this expression to calculate the
mass of water required for different angles. A
typical coefficient of static friction for train
wheels on dry train tracks is ps = 0.5 [3]. We will
explore for all angles. We expect that smaller
angles will require more water than larger ones.
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Figure 2: Graph showing how the mass of water re-
quired for movement varies with the slope angle.

One important thing to mention is that below
~ 28° (the “absolute critical angle” ), the mass of
water comes out as negative. This is not physi-
cally possible - so we don’t include it on Figure:2.

It tells us that a system below that angle is also
not physically possible. More of the weight of the
water is pushing it into the track to cause fric-
tion than pulling it down the slope, so the train
will never move. Although, just above this angle
the mass of water which is required is much more
than could realistically be carried on the train.
If we said that a realistic amount that could be
carried is 5 times the carriage mass, then our
“realistic critical angle” is ~ 35°.

We find that (above the absolute critical an-
gle), the mass of water required drops off as the
angle increases. This is what we would have ex-
pected thinking about the problem intuitively.
For a larger angle, more weight will be in the di-
rection taking it down the track so there is less
friction and less water is needed to overcome it.

Conclusion

We have found using water to power a funic-
ular railway is only really viable for slope angles
above ~ 35°. Below this it is either not physi-
cally possible, or would require more water than
the train could carry. In the future we may also
wish to consider the power that this water pro-
vides and see how this compares to the power
of motors typically used to see which would be a
lower power system for a specified angle. We may
also wish to add back some aspects, e.g. pulley
friction, and perform a more detailed analysis.
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